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ABSTRACT The static properties of charged, rodlike macroparticles in dilute solution are studied by Monte 
Carlo simulations. The energy between two rods is supposed to be the s u m  of the screened Coulomb interactions 
between two beads on each rod. The pair-distribution function g(r,ul,uz), ita angle average g(r), and the intensity 
of scattered radiation are calculated as a function of the rod length L and are compared with those of charged 
spheres. With increasing L,  the static structure factor is found to exhibit a decreasing main peak which shifts 
to larger values of the scattering vector. 

Structural properties of suspensions of interacting 
spherical macromolecules have been investigated exten- 
sively in recent years. For certain cases like hard-sphere 
particles and charged spherical particles the predictions 
for various static properties, which have been obtained by 
using methods from liquid-state theory, are in excellent 
agreement with experiment. The basic theoretical quantity 
is the radial distribution function g(r), from which all 
thermodynamic properties can be calculated. A very 
sensitive test for (i) the interaction potential between 
macroparticles and (ii) for the accuracy of the approximate 
theories calculating g(r) from the interaction potential, is 
provided by wave vector dependent properties such as the 
intensity of scattered radiation I ( k ) ,  which for spherical 
scatterers factorizes into a known form factor F(k)  and the 
static structure factor S(k) .  The latter is given essentially 
by the Fourier transform of g(r). Calculations of g(r) based 
on the screened Coulomb potential and using the mean- 
spherical approximation reproduce the experimental re- 
sults for I(k) quite well for various systems of charged hard 
spheres.' Also computer simulations are available and are 
in good agreement with theory and experiment.2 Quali- 
tatively, g(r) has a rather well-defined main maximum, 
which defines a shell of nearest neighbors, followed by 
further secondary extrema, related to further shells and 
the spaces between them. 

In this paper we investigate what happens if each sphere 
of total charge Q is stretched into a (short) stiff rod of 
length L,  keeping the number concentration of macro- 
particles constant. The importance of this investigation 
stems from the increasing interest in systems of charged 
rodlike particles,3P i.e., in connection with the initial stage 
of rodlike growth of ionic micelles and scattering experi- 
ments on viruses in aqueous solution and on polyelectro- 
lytes. 

Since theoretical results for charged rodlike macropar- 
ticles are only available for weakly interacting systems5s6 
and are much more complicated to obtain than for spheres, 
one has to restrict oneself to certain limiting cases. One 
of them is the limit of rods which are long compared to 
the mean interaxial distance.' Another one is the opposite 
case, where the length L of each rod is still smaller or a t  
most of the order of the mean distance between their 
centers of mass. For this case we have performed computer 
simulations in order to obtain insight into the increasing 
effects of the anisotropy when L grows. I t  is obvious that 
the results of the investigation of this limiting case are not 
sufficient to describe the details of the experiments men- 
tioned above. The basic theoretical quantity is the an- 
gle-dependent pair-distribution function g(r,u1,u2), where 
u1 and u2 are unit vectors along the rod axes and r is the 
vector distance between their centers of mass. Averaging 
over u1 and uz defines a function g(r), which is the object 
to compare with g(r) for the corresponding case of charged 
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spheres. Results for these functions are presented in the 
next section. 

The scattered intensity I ( k )  from interacting rods no 
longer factorizes as for spheres into a product of a form 
factor and a shape-independent static structure factor, 
which is simply the Fourier transform of g(r). On the basis 
of the results for g(r,ul,uz) we show how I ( k ) / F ( k )  changes 
with the length L,  keeping Q and the number concentra- 
tion constant.8 

Model for  t he  Monte Carlo Simulations 
The interaction potential for rods of finite length L has 

been developed in ref 5; the rods are subdivided into 
charged segments along the rod axis. The total interaction 
is then taken as the sum of the screened Coulomb inter- 
actions between the segments on different rods. Re- 
stricting the concentration to c C L-3, wb will replace the 
rods by dumbbells, where each of the beads carries the 
charge Q/2. This simplification keeps the qualitative 
features of the true potential for high charges and low 
shielding, which will prevent the rods from coming into 
contact. This is indicated by the fact that in the simula- 
tions no configurations have been found where the cen- 
ter-to-center distance was very small. Therefore, it is 
unnecessary to include a hard core on the axis for the Q 
values considered. Representing homogeneously charged 
rods of length L by dumbbells of length 1 = L/3Il2,  the 
monopole and the quadrupole moments of both objects 
coincide. Then the interaction between two rods is ap- 
proximated by 

(Q/ 2)2e-x(rdQ) 
U(r,u1,uz) = c (1) 

r ~ , , 9 4 m € ~ ( l  + xa)2r,u 

where raU is the distance from bead a! of rod 1 to bead p 
of rod 2. x is the inverse Debye screening length with 

x2 = (P/cdCPiqiP (2) 
i 

Here t is the dielectric constant of the solvent, p = (kB!P)-l, 
Cipiq? denotes the sum over the densities of all kinds of 
small ions times their charges squared, and a is the 
hard-core radius of the beads. 

The property of main interest is g(r,ul,u2), the proba- 
bility density of finding a rod with orientation given by 
the unit vector u2 and center of mass a t  r, given another 
rod of orientation u1 with center of mass at the origin. This 
function is given by 
g(r,u1,uz) = 

(4aV)21d2u3 d3r3 ... d2uN d3r, exp[-PCU(ri,,ui,uj)] 
i < j  

1 d 2 u l  d3rl ... d2uN d3rN exp[-pXU(rij,ui,uj)] 
i < j  

(3) 
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With the knowledge of g(r,u1,u2) all averages in the phase 
space over two-particle functions can be calculated. On 
the other hand, we can define the averaged radial distri- 
bution function g(r) by integrating out the orientational 
degrees of freedom 

The radial distribution function g(r,ul,u2) and its average 
g(r) are, for example, important for determining the 
scattering intensity of the system. For homogeneous rods 
of length L in an isotropic solution the intensity of scat- 
tered radiation is proportion to5 

I(k) = F(k)  + L l d 2 u l  d2uz d3r eik*'j0 
(47d2 

jo( ~k.u,)(g(r,ul,u2) - 1) (5) 

where j o ( x )  = sin ( x ) / x  and F(k)  is the form factor of one 
rod.g Equation 5 applies if kd << 1, where d is the diameter 
of the rods. Therefore, we are in a regime where the finite 
thickness of the rods can be neglected and F(k)  refers to 
infinitely thin rods. We define the static structure factor 
of the system by S(k)  = I ( k ) / F ( k ) .  Only for kL << 1 does 
S ( k )  reduce to the simple result 

S ( k )  = 1 + p j d 3 r  eik"(g(r) - 1) (6) 

which is identical with that for spherically symmetric 
particles.1° For larger values of kL the averaged function 
g(r) is insufficient to calculate S(k)  and therefore g(r,u1,u2) 
is needed. This also means that a measurement of I(k) 
will give no information about g(r) and the mean center- 
to-center distance of the rods. In contrast to the case of 
spheres the static structure factor for rods depends on the 
shape of the particles. 

The simulations were performed for a system of 256 
dumbbells with the usual Monte Carlo technique" and 
periodic boundary conditions. The distance between the 
two beads of one dumbbell is kept fixed to the value L/3'fZ 
for each run, respectively. At  the beginning of the simu- 
lations all rods are aligned in the z direction and their 
centers of mass are fixed to a fcc lattice. After a ther- 
malization of 30000 Monte Carlo steps the next 400 con- 
figurations with a distance of 5000 steps were used to 
evaluate the averages. The system parameters were chosen 
as 0.0086 rod/(1000 A)3 for the concentration and Q = 
15Oe. The dielectric constant of the solvent is e = 78.3 and 
the salt concentration was taken as 0.001 mol/m3. The 
hard-core radius of the beads was 230 A. To speed up the 
simulations, we cut off the potential of a given rod at a 
distance 0.28 Lk, where Lk = 30 952 A is the length of one 
side of the simulation box. The interaction energy between 
the beads at this distance is 0.078kT. Simulations for 
spheres with a cutoff at 0.5Lk showed no differences. 

Results of t he  Monte Carlo Simulations 
The solid line in Figure 1 shows the radial distribution 

function go(r) of a system of spheres ( L  = 0). The par- 
ticular system parameters chosen above yield a main 
maximum of g&) a t  rmax about 5000 A. 

For L # 0 the distribution g(r,ul,uZ) as a function of 
the center of mass distance r will obviously depend on the 
relative orientations of the three vectors r, ul, and uz. To 
illustrate that increasing influence, the following four 
configurations will be analyzed in greater detail. 

(a) If ul, u2, and r are parallel to each other, the con- 
figuration is called the I configuration. Of all possible 
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Figure 1. Averaged radial distribution function g(r)  for L = 0 
(spheres) (solid line), L/r- = 0.64 (dashed line), L/rmax = 0.95 
(dashed-dotted line), and L/rm, = 1.28 (dotted line). 

relative orientations this one has the highest interaction 
energy at a fixed distance. 

(b) The T configuration is defined by r being parallel 
to one of the u's and perpendicular to the other one. Here, 
the energy is similar to the angle-averaged energy between 
the rods. 

(c) If the rods are parallel to each other and perpendi- 
cular to r ,  the configuration is denoted by H and the en- 
ergy of this configuration is rather low. 

(d) Finally, the lowest value of the energy is obtained 
in the X configuration, where ul, u2, and r are all per- 
pendicular to each other. 

The distribution functions gi(r) with i = I, T, H, and X 
have been extracted from the simulations for various values 
of L/r?= up to 1.28. The results for L/rmm = 0.95 are 
shown in Figure 2. The splittings of the distribution 
functions for the different configurations increase with 
increasing length, since the difference in energy between 
the various configurations becomes larger. 

Results for g(r), which averages according to eq 4 over 
all configurations, are displayed in Figure 1 for three values 
of L > 0 and are compared to go(r). In contrast to gi(r), 
which exhibit strong short-range order, g(r) shows less 
structure with increasing L,  since the correlations in the 
center-of-mass distances diminish as a result of the 
splittings in energy. 

It is interesting to note that g(r)  for the case L = 0.64r- 
is almost identical with g&), although clear splittings in 
the angle-dependent distribution functions exist already. 
This suggests an attempt to calculate the distribution 
functions by using an angle-averaged reference potential 
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Figure 3. Structure factor S ( k )  for L = 0 (spheres) (solid line), 
L/r-  = 0.64 (dashed line), L/r-  = 0.95 (dashed-dotted line), 
and L/rmB, = 1.28 (dotted line). 

plus an angle-dependent perturbation for L up to about 
0.7. This procedure is well-known in the theory of mo- 
lecular liquids,12J3 where the reference potential is usually 
a hard-core or a Lennard-Jones potential and the per- 
turbation is a dipole-dipole or a quadrupole-quadrupole 
interaction. Here, the reference potential would be chosen 
to be the monopole-monopole interaction. In contrast to 
the molecular liquid case, our perturbation will contain, 
among other terms, monopole-higher multipole interac- 
tions. This requires the knowledge of the three-particle 
distribution function in the reference system. Work to 
apply this perturbation theory is in progress. 

As an application to a physical property which is ex- 
perimentally accessible and which depends on the angle- 
dependent distribution function, we have calculated the 
structure factor S(k) .  Details are given in the Appendix 
and the results are shown in Figure 3 for the same values 
of L as in Figure 1. Similar to g(r ) ,  the structure factor 
is seen to lose its peak with increasing length, but the most 
interesting property of S ( k )  is the L dependence of k,,, 
which denotes the position of the peak of S(k) .  Compared 
to the structure factor calculated form g(r)  with (6), whose 
peak position is independent of L ,  the maximum of S ( k )  
is shifted to larger values of k .  
Discussion of t he  Resul ts  

Charged rods in dilute solution are studied with Monte 
Carlo simulations. The interaction between different rods 
is modeled by the sum of the screened Coulomb interac- 
tions between two beads on each rod. The length and the 
charge of the dumbbells were determined by the require- 
ment that the monopole and the quadrupole of both ob- 
jects coincide. This model is expected to be reasonable 
for systems where the rod length is smaller than the mean 
distance between their centers of mass and where the 
shielding length x-l is comparable to or even larger than 
the rod length. Furthermore, we performed simulations 
with objects consisting of three segments (and a cutoff 
around 15000 A), and preliminary results are in good 
agreement with the results presented here. 

The effect of the variation of the length of the rods on 
the distribution function, the averaged distribution func- 
tion, and the static structure factor was studied in the 
low-density limit. The distribution function shows an 
increasing dependence on the orientations of the axes of 
the rods and the distance vector between them. This is 
due to the increasing influence of these orientations on the 
interaction energy between the rods. On the other hand, 
the averaged distribution function is seen to lose its 
structure with increasing length, without changing the 
position of its peak. The static structure factor is found 
to exhibit less structure but an increase of k,,, which 
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denotes the position of its peak. This result shows that 
calculating S(k)  from the Fourier transform of g(r)  is only 
useful for rather small values of L/rmax.  

The position of the peak of the g(r )  is independent of 
the rod length and therefore will show a concentration 
dependence as &I3. However, k,, depends on the rod 
length, which indicates that the concentration dependence 
of k,, will scale with an exponent larger than 113 due to 
the additional L/r" dependence of k,,, in eq 5 as com- 
pared to eq 6. This might indicate an approach to the 
experimentally obtained c1I2 behavior of k,,, in the sem- 
idilute regime.4 

Appendix 
In this appendix we give some details about the calcu- 

lation of the static structure factor S ( k )  from the angle- 
dependent distribution function g(r,u1,u2). From eq 5 

S ( k )  = 1 + S d 2 u 1  d2uz d3r 
(47d2F(k) 

h (r ,u 1, uZ)eik*.j,( k k.ul) jo( $ k.uz) (A. 1) 

where h(r,ul,u2) = g(r,ul,uZ) - 1 is the total correlation 
function. Following a method used for molecular liquids13 
we expand h(r,ul,uZ) in a rotationally invariant form 
h(r,ul,UZ) = 

Xh(l1,Ll;r) C C(11,1z,1;ml,m2,m)Yi1,,(ul) Y12m2(u2) x 
1,121 m1mzm 

Ylm*(i) (A-2) 
where Yl,(x) are spheric& harmonics and C(ll,12,1;ml,mz,m) 
are Clebsch-Gordan coefficients. 

The expansion coefficients in (A.2) are given by 

S d 2 u 1  d2u2 d2i 
C(1,1,1;000) h(ll,~z,l;r) = 

h(r,ul,u2) Yllo(ul) Y~,O(UZ) Y~O($)  (A.3) 

From the symmetry of the problem and the properties of 
the Clebsch-Gordan coefficients only even values of Il, 1 2 ,  
and 1 appear; furthermore, 1 is restricted to Ill - 1 2 )  I 1 I 
l1 + lZ and h(Zl,lz,l) = h(lz,l1,l). 

Taking k parallel to the z direction and using the 
Rayleigh expansion for exp(ik.r) and the expansion 

with 
al (kL)  = 0 for 1 = 1, 3, 5, ... (A.4a) 

2 
al(kL) = i'(21 + l)1/2-skL'zj1(x) dx kL o 

for 1 = 0, 2, 4, ... (A.4b) 

and j l ( x )  denoting the lth spherical Bessel function, eq A.l 
can be rewritten as 

S ( k )  = 1 + CSi,i,l(k) (A.5) 
4izi 

where 

ai,(kL)a12(kL)C(11,Z,,1;000) dr rzjL(kr)h(lll2l;r) (A.6) 

Using the coefficients al(kL) the form factor of the rods 
can be expressed as 

F(k)  = Xa?(kL)  (A.7) 
1 
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Figure 4. Components of S(k) as defined in (A.6) for L/r- = 
0.95. Sooo(k) solid line), Sm2 + SW2 (dashed line), SZz0 (dashed- 
dotted line), SZz2 (dotted line), and S224 (solid line with S2,,(0) 
= 0). 

Of particular interest is the contribution of the term with 
1 = 1, = l2 = 0 to S(k), since i t  is related to the Fourier 
transform of the averaged distribution function g(r )  

For small L with kL < 1, all al(kL) for 1 > 0 are much 
smaller than ao(kL). In this case, the sum in (A.5) can be 
well approximated by its first term (A.8), and by using 
(A.7) for the form factor, (A.5) reduces to eq 6. 

If kL < 10, it is sufficient to consider a, and a2 only, since 
all other al are still small. In this case, the structure factor 
is approximately given by 

S ( k )  = 
1 + S,(k) + 2S202(k) + S220(k) + S222(k) + S224(k) 

(A.9) 

Sm(k) is counted twice, since S,, = Sm2. The components 
used in (A.9) to  calculate S ( k )  are shown in Figure 4 for 
L/rmB, = 0.95. For all values of L considered, k,,L is 
smaller than 10 and the components S,, S222, and Sm are 
found to be small. Therefore (A.9) is sufficient to calculate 
S ( k )  for these values of LIT,,. 
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ABSTRACT Precise differential scanning calorimetry measurements were used to the enthalpy relaxation 
behavior of hydrogenous and deuterated poly(methy1 methacrylate) (PMMA), in each of the three sterecwpecific 
forms. These polymers provide a set of well-characterized materials with a systematic variation in structure 
with which the multiorder parameter model can be tested. Materials are held for various times at several 
sub-I", annealing temperatures, and results are analyzed in the context of the multiorder parameter model 
of Narayanaswamy, Kovacs, Moynihan, et al., which assumes thermorheological simplicity, a distribution of 
relaxation times, and structure-dependent relaxation times. Deuteration has little or no effect on the relaxation 
behavior and tacticity manifests itself mainly in the magnitude of the activation energy, which scales with 
the glass transition temperature. The apparent activation energy and the parameter used to characterize 
the distribution of relaxation times are independent of annealing time and annealing temperature. However, 
the parameter that characterizes the structure dependence of the relaxation times systematically changes 
with thermal history, which contradicts its original introduction into the model as a material constant. In 
addition, the discrepancy between experiment and theory suggests that the model becomes less appropriate 
as the system approaches closer to equilibrium. It is suggested that the model may be improved by changing 
the form of the relaxation function and/or modifying the simplified way in which the structure dependence 
of the relaxation times is introduced. 

I. Introduction 
Over the years there has been a growing interest in the 

structural relaxation and recovery processes observed in 
glassy materials of all kinds, including molecular (organ- 
i c ) , ' ~ ~ , ~  in~rganic,~" p o l y m e r i ~ , ' . ~ * ~ ' ~  and, more recently, 
metallic glasses.2*22 The nature of the problem is clearly 
related to the intrinsic properties of the "ill-condensed", 
i.e., nonequilibrium, glassy state, as each of the above 
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classes of materials shows remarkably similar structural 
relaxation behavior despite obvious differences in the 
chemical moieties and in the nature of the molecular or 
atomic forces involved. 

Structural relaxation is a result of the nonequilibrium 
nature of the glassy state, which spontaneously evolves 
toward some equilibrium state (defined by T and P )  at a 
rate that depends on the temperature, the pressure, and 
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